The pseudo-steady-state current due to a mediated enzymatic reaction on a microelectrode is characterized on the basis of theoretical analysis and numerical simulation. The steady-state current is proportional to substrate concentration when the enzymatic reaction is considerably faster than substrate mass transport via nonlinear diffusion. Under such conditions, the reaction plane, where the mass flow of the substrate is converted to that of the mediator, exists near the electrode surface. The steady-state current increases as the diffusion coefficient of the substrate increases. In contrast, the diffusion coefficient and the concentration of the mediator have minor effects on the current. This difference can be explained on the basis of a change in the reaction plane location. When a sufficient amount of enzyme exists in a system, the system can be used as an amperometric biosensor, the response of which is independent of any change in enzyme activity.
Introduction
Bioelectrocatalytic reactions, a conjugation of biocatalysis by enzymes and electrode reaction, lead to high enzyme selectivity in electrochemical devices, thereby offering benefits in terms of handling and sensitivity. Thus, the combination of an electrochemical devices and an enzymatic reaction is frequently used as an electrochemical biosensor. [1] [2] [3] [4] [5] Electrochemical biosensors are classified into three generations. In first-generation biosensors, the product of the enzymatic reaction is detected electrochemically. Second-generation biosensors employ a mediator for connecting the enzymatic reaction with the electrode. In third-generation biosensors, direct electron transfer takes place between the enzyme and the electrode. Among these sensor generations, the second-generation sensors, i.e., mediated enzymatic reaction-based sensors, afford the highest levels of flexibility in system design. 2, 3 Three electrochemical methods, amperometry, coulometry, and potentiometry, are employed for detecting whether the mediator reacted with the substrate. In these methods, amperometry offers the best balance of the detection time, accuracy, and usability.
However, when the current response of an amperometric sensor is time dependent, its practical application is limited. Steady-state current is necessary for stable amperometric sensors. One of the ideas is the use of microelectrode detection. Nonlinear diffusion of the substrate around the microelectrode results in mass transfer that is adequate for sustaining a steadystate current. 6, 7 Additionally, the use of a microelectrode is effective from the viewpoint of biosensor miniaturization. 8, 9 In contrast, the enzymatic electrode reaction provides a steadystate current when the mass transfer due to substrate diffusion is balanced with the rate of enzymatic reaction. 10 The physical meaning of the steady-state current obtained using the combination of nonlinear diffusion and rate of enzymatic electrode reaction is complicated, because the two mechanisms compete with each other for control of the current. The enzymatic electrode reaction-microelectrode combination finds limited application in endpoint analysis. 11 Recently, our group investigated a mediated enzymatic electrode reaction on a microdisc electrode, which provides a pseudo-steady-state current that is practically proportional to the substrate concentration. 12 In this system, the apparent enzymatic reaction rate is set to be extremely fast by increasing the enzyme concentration. For characterizing the linear response of the steady-state current to the substrate concentration for general application as an ultimate biosensor, a model incorporating nonlinear diffusion and an enzymatic reaction is necessary for analyzing the current response of a mediated enzymatic electrode reaction on a microdisc electrode. The current at the microdisc electrode collaborated with the enzymatic reaction has been tackled by Galceran et al. 13 Furthermore, the current at a micro spherical electrode under a homogeneous catalytic reaction was analyzed and calculated
numerically by Eswari and Rajendran. 14, 15 However, their calculations were performed under slow catalytic reaction conditions, and it is difficult to extend the result (or prediction) to the system assumed here. 12 In this work, the current produced by a mediated bioelectrocatalytic reaction on a microdisc electrode with an extremely fast enzymatic reaction rate is investigated with a simplified mathematical model and numerical simulation. The calculations indicate the advantages of this system from the practical application viewpoint.
Analytical model
A reaction-diffusion model is introduced for analytically determining the current produced by the enzymatic microelectrode reaction. For simplifying the mathematical treatment of the microelectrode system, spherical coordinates are introduced, and a semispherical microelectrode is considered. A schematic view of the microelectrode is shown in Fig. 1A . The radius of the microelectrode is denoted by r 0 . A hemisphere with the radius r 1 is the reaction plane where the enzymatic reaction occurs under the steady-state condition (our simulation, described later, validates the reasonability of this reaction plane assumption). Here, we assume an oxidative reaction of the substrate (S, as a reductant), and in the beginning, S, the oxidized enzyme (E O ), and the oxidized mediator (M O ) are assumed to be added in the system at the analytical concentrations of c 0 S , c 0 M , and c 0 E , respectively. In the solution phase, the enzymatic reactions proceed as below.
where the subscripts R and O denote the reduced and oxidized forms, respectively, ES and EM indicate the Michaelis complexes, and k i on the arrows represents the reaction rate constants. The redox reaction of the mediator occurs on the electrode surface.
Under the limiting current conditions, M R is completely oxidized on the electrode surface. The boundary conditions are formulated as follows:
and
where c 0 M is equal to the total mediator concentration in the system. An extremely fast enzymatic reaction is assumed here. M O will be completely reduced by S near the electrode at the position of r 1 . Under the steady-state conditions, this assumption implies that the inflow flux of S (J S ) across the reaction plane surface is completely converted to the inflow flux of M R (J M R ). Therefore, the value of 2πr 2 1 J S is equal to the oxidation rate of M R on the electrode surface.
The concentration and flux profiles around the spherical electrode under the limiting current conditions are written as follows:
c(r) = ∆c
where ∆c denotes the concentration difference between in the bulk phase and that on the electrode surface. Therefore, the profile of J S outside the reaction plane is written as follows:
where c S (∞) denotes the bulk concentration of S and D S denotes the diffusion coefficient of S. The concentration profile of S is written as
According to the given conditions, when c 0 
Thus, the profiles of J M R and c M R inside the reaction plane are written as
respectively, where D M is the diffusion coefficient of the mediator.
Here, additionally, our model assumes that c M R (r 1 ) is equal to c 0 M . The steady-state current (I d ) is written as follows:
This model requires the definition of r 1 and c S (r 1 ) for calculating the current. If the enzymatic reaction is extremly fast, r 1 and c S (r 1 ) will converge to r 0 and 0, respectively. Moreover,
c 0 E can be decreased to 0. Under these limiting conditions, eq. 14 is written as
This situation agrees with the diffusion-limited condition of S at the electrode surface.
Fig. 1
Geometries of (A) the theoretical model of enzymatic reaction at a micro hemisphere electrode and (B) the numerical simulation around the microdisc electrode.
Numerical simulation
For characterizing the system without assumption of the reaction plane used in the simplified mathematical model, a numerical simulation is carried out. In this calculation, the diffusion equations of S, M O , and M R are considered. The diffusion of the enzyme derivatives (E R , E O , EM, and ES) can be ignored because these species are huge and their diffusion coefficients will be extremely smaller than those of the other relevant small molecules. The microdisc electrode used in this model (Fig. 1B) has a radius (a 0 ) of 25 µm, as in a previously reported experimental condition. 12 The rate of the mediator redox reaction on the electrode surface is determined using the Butler-Volmer equation. The parameter values em- 
where z is the coordinate parallel to the rotation axis. Potential-step measurements are simulated by changing the boundary condition at the electrode surface. The potential at the electrode surface is stepped from −200 mV to 200 mV against E 0 .
Three reaction-diffusion equations written as follows
and four kinetic equations for E R , E O , ES, and EM are solved using the finite element method. Calculations are carried out using commercial FEM package called COMSOL 4.3b (COMSOL) on a workstation equipped with two Intel Xeon processors and 64 GByte RAM. The true steady-state current of the microdisc electrode (I SS ) is given by 18
Results and discussion

Current time response
At 20 s after the potential step, the current (I 20 ) is in an almost steady-state, but it is 8 percent larger than I SS (at D S = 6 × 10 −10 m 2 s −1 ). Because the time dependence of I 20 is practically ignored in practical sensing performance, I 20 is regarded as the steady-state current in this paper. Similarly, the enzyme in the bulk phase is completely reduced by S. However, the enzyme is completely oxidized by the M O generated at the electrode (Fig. 3C) . Interestingly, the abundance ratio of the enzyme changes drastically in the reaction plane. This sharp change in the enzyme's redox state is due to the balance between the reduction by S and oxidation by M O . This numerical simulation result demonstrates that the reaction plane assumed in the analytical model is appropriate.
Concentration profiles around electrode
The concentration profile of S seems to be spherical diffusion around the microelectrode, except in the region near the electrode. Figure 4A shows the concentration profiles of (solid line) S, (broken line) M R , and (dotted line) E R , along the rotation axis under conditions identical to those in Fig. 3 . Additionally, the concentration profile of S in regions far from the electrode is shown in Fig 4B. The concentration gradient of M R exists only inside the reaction plane, which is located at z ≃ 3µm.
Interestingly, the profile of c S has an inflection point on the reaction plane. The value of c S inside the reaction plane is quite small (ideally, it will be zero), and the gradient of c S at the electrode surface is nearly zero. These findings imply that the diffusion of S inside the reaction plane is negligible when spectively. The values indicate that the enzymatic reaction is almost completed inside the reaction plane, but not perfectly. Here, for discussing the numerical simulation on the basis of the analytical model, the reaction plane in Fig. 3 is defined at the position of c E R = c 0 E /2. In addition, the radius of the reaction plane in the simulated result is determined using the radius of a hemisphere with the same surface area as the reaction plane.
Effect of the concentration on the current
The relationship between I 20 and c S is shown in Fig. 5 by triangles. The line in Fig. 5 shows the diffusion-controlled current calculated using eq. 21 at D = 6 × 10 −10 m 2 s −1 and
When the substrate concentration is low (c 0 S < 5 mmol dm −3 ), I 20 is close to the line. This agreement indicates that the conversion of the flow J S to J M is almost complete. Therefore, the microdisc electrode conjugated with the enzymatic reaction acts as an amperometric biosensor that detects steady-state mass flow of the substrate.
When c 0 S is higher than 5 mmol dm −3 , the simulated current is deviated downward from the line representing the diffusioncontrolled mechanism. Under these conditions, c S at the electrode surface is far from zero, and it strongly depends on c 0 S . M is related with the decrease of c S in the bulk phase (eq. 14). Figure 6B shows the effects of c 0 E on I 20 . When c E is lower than 0.1 mmol dm −3 , I 20 depends strongly on c 0 E . Under these conditions, the current is controlled by the reaction rate of the enzymatic reaction. When c 0 E is greater than 0.1 mmol dm −3 , I 20 is independent of c 0 E (the change in I 20 over c 0 E = 0.1-0.6 mmol dm −3 is less than 5 percent). This response reflects the ideal characteristic that the current is controlled by substrate diffusion when c 0 E is sufficiently high. This concentration de- pendence is important for constructing amperometric biosensors, because the response in our method is independent of the enzyme activity as long as excess amounts of the enzyme exist.
In summary, the enzymatic microelectrode is sensitive to c 0 S , but insensitive to c 0 E and c 0 M . The necessary condition for ensuring these enzymatic microelectrode characteristics is the excess enzyme activity in the solution phase. Figure 7A shows the dependence of I 20 on D S . The current increased with the increase of D S . The line in Fig. 7A is the diffusion-limited current calculated from eq. 21. For small values of D S , the simulated current agreed with the diffusion-limited current. However, the simulated current deviated downward from the line at higher values of D S . The (Fig. 7B) , the small dependence of I 20 on D M is due to the insensitivity of r 1 to D M . These features are effective from the application viewpoint because the current is independent of the selection of mediator. A mediator suitable for this sensor type is selected based on its standard potential and reactivity 6 | 1-7 
Effect of the diffusion coefficients on the current
